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Abstract 

This simple text considers an application of Bolir-Sommerfeld quantization rule. It might be of 
interest for the students of physics. 



1 Particle on a segment 



The quantum stationary states and possible values of energy of the particle on the segment of a 
line is given by the Schrodinger equation 

ti 2 d 2 Mx) „ , , . 

and boundary conditions 

V(0) = V(o) = 0, (2) 

where m is the mass of the particle and a is the length of the segment. It is well known that the 
conditions £Q) and (J2J lead to the energy eigenfunctions 

2 fnirx\ 

Wn{x) = \—sni[ J, where nG {1,2,3,...} (3) 



a \ a 
and energy eigenvalues 
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Particle on the segment [0, a] can be modeled as particle moving in the line (—00,00) in the "intu- 
itive" potential energy 

V(z) = I °> X € }°> a \ (5) 
w 00, x f [0,o]. ' 

This kind of potential energy can be, also intuitively as plotted in the figure (QJ, imagined as "the 
limit" of the following sequence of potential energy functions 

V k (x) = A^x 2k , ke {1,2,3,...} (6) 
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Figure 1: There are ploted the first six functions © with = 1 on the panel 
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with some positive constants ^4q . 

Our task is to show that the energy levels Q can be approximated by the energy levels of the 
particle moving in the potentials The tool we are going to use for this purpose is the well-known 
Bohr-Sommerfeld quantization rule. 



2 Approximative expression for the energy levels of the 
particle in the potential well A^x 2k 

The Hamiltonian of the particle in the potential well V = A^x 2k is given by 

H(p,x) = ^- + A^x 2k . (7) 

Let C(E) be the classical periodic trajectory of the particle with the energy E in the phase space 
(there are no trajectories of other kind in our case). The Bohr-Sommerfeld quantization rule chooses 
from the set of all classical trajectories only the trajectories for which 



w pdx = 2Tth{n + 7„ 
JC(E) 



IC(E) 

where n is natural number and 7 n is the quantity of the order of unity. For our purpose, it is 
sufficient to write down the rule in less accurate form 



pdx = 2irhn. (9) 

C(E) 

In this way, Bohr-Sommerfeld quantization rule gives us the method to determine approximately 
the energy levels of the particle by solving the equation (JHJ with the unknown E and parameter n. 
The accuracy of this formula grows with growing n. In our case, the particle with the energy E 
moves in the range [—xm(E),xm(E)], where the energy conservation law determines xm(E) as 

f E \ 

x M (E)=\^ m j . (10) 
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Therefore, the left-hand side of Eq. (JHJ reads 

r r x M 

<t> pdx = 4 / p(x)dx = Ay/ 2m l 

JC(E) JO JO 

Jo 2fc Jo 



E - A { n k) x 2k dx 
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where B is the Euler's beta-function. Above written equalities together with allow for expressing 
energetic levels of the system in closed form 



nhk 
(2m) 1 / 2 
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We are interested in asymptotic behavior of E n at fixed n and k running to infinity. By making 
use the facts 

B(x, y) = ) ' KU) and V(x) = - - lE + 0(x) for x -» + , 
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T(x + y) 
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where 'Je is the Euler's constant, and expressing the constant A in the form appropriate to keep 
the width of the well equal to a constant 2a 



A 

we can derive that for k — > oo 
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, Vq = const, Vq > 0, 
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and therefore 



as it should be. 
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